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AN EXISTENCE TIME ESTIMATE EOR 
KAHLER-RICCI ELOW 


ALBERT CHAU\ KA-FAI LI, AND LUEN-FAI TAM^ 

Abstract. Fix a complete noncompact Kahler manifold (M”, ho) 
with bounded curvature. Let g{t) be a bounded curvature solution 
to the Kahler-Ricci flow starting from some go which is uniformly 
equivalent to Hq. We estimate the existence time of g{t) together 
with bounds and curvature bounds, where the estimates de¬ 
pend only on ho and the distance between go and ho- We 
also generalize these results to cases when go may have unbounded 
curvature. 
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1. Introduction 


A motivation of this work is to understand the Kahler-Ricci flow on 
complete noncompact Kahler manifolds with initial metrics which may 
not have bounded curvature. The Kahler Ricci flow is the following 
evolution equation for Kahler metric go on an n dimensional complex 
manifold M'^ 



( 1 . 1 ) 


When go is complete with curvature bounded by ko, Shi showed in [8] 
that 111.Ill has a short time solution g{t) on M x [0, T) having bounded 
curvature for all t (see Theorem lA.lj) . Moreover, T and the curva¬ 
ture bound of g(t) can be estimated respectively in terms on n, ko and 
n, ko,t. 

A fundamental problem is to determine the maximal such T for a 
given go, and we will denote this time by Tg^. Extending the result 
of Tian-Zhang [5] for the compact case, Lott-Zhang gave an analytic 
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characterization of Tg^ for general complete Kiihler manifolds (see The¬ 
orem [2II]) which in particular extended Shi’s result above. In this work 
we want to estimate Tg^ in terms of norm of Qq. Firstly we will use 
Theorem 12.11 to show that: 

(1.2) Ciho < 5'o ^ CiThg < Tg^ < C2ThQ 

where Q > 0 are constants and go, ho are complete Kahler metrics 
with bounded curvature (see Theorem 12.21) . As a consequence, Tg is 
continuous on the space of Kahler metrics on M in the norm. The 
usefulness of fll.2p comes when considering the flow of an arbitrary 
metric go which is uniformly equivalent to the initial condition ho of a 
known solution h(t), in which case Theorem 12.21 tells us the existence 
time for g{t) is uniformly comparable to that of h{t). In particular, 
if h{t) exists for all time, then so does the flow of any bounded cur¬ 
vature Kahler metric which is equivalent to ho- For example, one can 
show that if go has bounded curvature and go is uniformly equivalent 
to a complete Kahler metric ho with bounded curvature so that the 
Ric(ho) < 0, then Tg^ = oo. 

In the above context, one may also ask about a priori estimates for 
the solution g{t) in terms of the known solution h{t). In the context of 
03 we will prove that: for any 0 < S' < CiTh^ we have 

(1.3) ^n,5,ho,C'i,C2,A^O < hit) ^ Cn,S,ho,Ci,C2A^O OB. M X [0, S] 

where A = sup^ \\Rm{go)\\gQ. On the other hand, by restricting the 
time interval we can actually remove the dependence on the curvature 
of go- for any 0 < s < S < we have 

(1-4) C-^s,s,ho,Ci,C 2 ^o < g{t) < Cn,s,SM,Cl, 02^0 OB M X [s, F] 

See Theorem 12.31 for these estimates. As mentioned above in [8] Shi 
proved the estimates in fll.3l) . but with the upper time limit CiTh^ 
replaced by some T{n,A) depending only on n,A (in this case, as in 
[8], one may just take ho = go)- The point is that in many cases, 
will be strictly larger than T(n, A), thus leading to a better estimate 
of Tgg and corresponding estimates. 

From (II.2p and (II.3p we may then conclude higher order estimates as 
in Theorem 12.41 One can then apply these estimates to study Kahler- 
Ricci flow with initial metric which may have unbounded curvature and 
existence of solutions g(t) starting from limits of bounded curvature 
metrics uniformly equivalent to some hxed ho with bounded curvature 
(Theorem [TT]). This generalizes some of our earlier results in [1]. 
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The paper is organized as follows. In §2.1 we prove the existence time 
comparison in fll.2p . In §2.2 we establish the comparison in fll.3p . then 
establish the corresponding higher order estimates fll.Sp . fll.4p in §2.3. 
In §3 we generalize to initial metrics which may only be Hermitian 
continuons. Finally we collect some known resnlts, which we will use 
throughout, in the Appendix. 

2. EXISTENCE TIME AND ESTIMATES 

Suppose (M",5fo) is a complete noncompact Kahler manifold with 
bounded curvature, and let g{t) be a solution to Kahler-Ricci flow fll.ip 
on M X [0,T) with 5f(0) = Qq. We make the following: 

Definition 2.1. We call the solution g{t) 

(1) a bounded curvature solution starting from go if g{t) has uni¬ 
formly bounded curvature on M x [0, S] for all S' < T; 

(2) the maximal bounded curvature solution starting from go if gif) 
satishes the condition in (1) and T is maximal with this prop¬ 
erty, in which case we denote T = Tg^. 

By Theorem IA.31 a bounded curvature solution starting from go, on 
M X [0,T), is indeed the unique solution with bounded curvature. 

Now let (M”,ho) be a hxed complete noncompact Kahler manifold 
with bounded curvature. We dehne the following spaces of Kahler 
metrics. 

Definition 2.2. For any 0 < a < 6 and A > 0, we dehne the sets 
g{ho]a,b,A) C Q{ho]a,b) C Q{ho]a) 

as follow 

(1) Qifio] a) is the set of bounded curvature Kahler metrics go on M 
such that aho < go < C{go)ho for some constant C{go) which 
may depend on go 

(2) Qiho] a, h) is the set of bounded curvature Kahler metrics go on 
M such that aho < go < bho 

(3) Q{ho', a, b, A) is the set of Kahler metrics go on M with sectional 
curvatures bounded by A and aho < 170 < bho 

For go in each of the above classes, we want to estimate Tg^ and vari¬ 
ous bounds on the corresponding maximal bounded curvature solution. 
First we need the following result by Lott-Zhang [B]. 

Theorem 2.1. (Lott-Zhang [6]j Let go be a complete Kahler metric 
with bounded curvature on a non-compact manifold M. Then Tg^ is 
egual to the supremum of the numbers T for which there is a bounded 
function Ft G C°°{M) such that 
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(i) qq — TRic((7o) + \/—199 Ft > ctQo for some ct > 0 

(ii) |Ft| and the quantities |V^Rm( 5 fo)|go, |V^99FT|gQ, forO < I <2, 
are uniformly bounded on M. 

Moreover if T satisfies (i) and (ii), then for any T' < T, there is a 
constant C depending T', ct, and the bound on the quantities in (ii) 
such that 

C~^go <g{t)< Cgo 

on M X [0, T']. 

Proof. Suppose the above conditions are satisfied for some T < oo. If 
0 < T < Tgp then the proof Theorem 4.1 in [B] shows the existence 
of a bounded Ft which satisfies (i) and also has bounded covariant 
derivatives of all orders, thus also satisfying (ii). Conversely, given Ft 
satisfying (i) and (ii), by the estimates in the proof of [HI Theorem 4.1] 
(up to and including Lemma 4.26) there exists constants Ci,C 2 > 0 
such that Cig < g{t) < C2g for all t G [0, min(TgQ, T)). Then by 
Theorem lA.21 we have that the curvature of g{t) is uniformly bounded 
on M X [0, min(Tgg, T)) which implies 0 < T < Tg^ by Theorem lA.ll 
This completes the proof that Tg is characterized by (i) and (ii). 

Moreover, from the above mentioned estimates in [H], one can see 
that the last statement in the Theorem also holds. □ 

2.1. existence time estimate. The first result of this section is the 
following existence time estimate: 

Theorem 2.2. Tgg > aT^g for all go G Q{ho',a). 

Proof. First observe that if A > 0 is a constant, Rethen = XT^^. 
Hence without loss of generality, we may assume that a = 1. Also, we 
assume without loss of generality that go, ho have bounded geometry 
of order oo. For if not, we let g{t), h(t) are the corresponding solutions 
as in Theorem lA.ll then we first prove the Theorem for g{e),h{e) for 
arbitrary small e and then let e —?■ 0 and use the fact that g{e),h{e) 
converge uniformly to go, ho (respectively) on M by Corollary lA.ll and 
rg(£) = Tg — e and = T^—e by Theorem lA.31 Note that by Theorem 

IA.21 all the covariant derivatives of g{e) with respect to ho are bounded. 
So we may assume in addition that all the covariant derivatives of go 
with respect to ho are bounded. 

Now for any 0 < T < Th^, we have for go G Q{ho', a). 


go - rRic(5fo) = ho - rRic(ho) + T(Ric(5fo) - Ric(ho)) + {go - ho). 
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By Theorem 12.li there is a smooth bounded function / with bounded 
covariant derivatives with respect to ho such that 

ho - TRic(ho) + ^/^ddf > Ciho 

for some Ci > 0. Then letting F = log ^ where ojq and rj are the 
Kahler forms of Qq and ho respectively, gives 


ho ~ ^R-ic(ho) + V—^dd{f + TF) >Ciho + (^^o ~ ho) 

>C'2ho 

for some C 2 > 0 because 5^0 ^ ^0 and go is uniformly equivalent to 
hg. From the facts that Qq, ho are equivalent and that all the covariant 
derivatives of go with respect to ho are bounded, we may conclude that 
all the covariant derivatives of / are bounded with respect to go as 
well. We may also conclude from these facts that F and \'V'‘ddF\gf^ are 
uniformly bounded for 0 < / < 2 where we have used that y/—lddF = 
—Ric(5fo) + Ric(ho). By Theorem 12. 11 we conclude that T < Tg^. From 
this the result follows. □ 

By the theorem, we have the following monotonicity and continuity 
of Tg. Namely 

Corollary 2.1. Let M” he a noncompact complex manifold. 

(i) Let go > ho be complete uniformly equivalent Kahler metrics on 
M with bounded curvature. Then Tg^ > Tho- In particular, if 
ThQ = 00 , then Tg^ = cx). 

(ii) Let K, he the set of complete Kahler metrics on M with bounded 
curvature. Then Tg is continuous on /C with respect to the 
norm in the following sense: Let go & 1C. Then for ho G fC, 
Tho —t Tg^ as I|ho — goWgo 0. 

We can extend the existence time estimate in Corollary 4.2 [T]. 
Namely, we can estimate the existence time in terms of upper bound 
of Ricci curvature instead of upper bound of the bisectional curvature. 

Corollary 2.2. Let (M, h) be a complete Kahler metric having bounded 
curvature with Ricci curvature bounded above by K, and let g G ^(h; 1). 
then Tg > ^. 


Proof. Since Ric(h) < Kh, so h — fRic(h) = (1 — Kt)h. By Theorem 
12.11 Th > By Theorem 12.21 Tg> □ 
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2.2. estimates. In this section we will establish (7° bounds for 
maximal solutions g{t) starting from some Qq G Q{hQ] a,b), where the 
bounds are uniform over all such qq. We will establish similar bounds 
for maximal solutions g{t) starting from some go G Q{ho] a,b, A). We 
begin with the following: 

Lemma 2.1. Let go and ho he complete noncompact Kdhler metrics 
on with curvature bounded by ko such that A~^go < ho < Ago- Let 
T{n,ko) > 0 be the existence time of Kdhler-Ricci flows with initial 
data go, ho in Theorem \A.1\ For any 0 < T < T{n,ko), and for any 
tensor 0 on M. Suppose all the covariant derivatives of Q with respect 
to h(T) are hound. Then the covariant derivatives of 0 with respect to 
g(T) are also bounded. Namely, for any I > 0 

l^5(T)0|9(T) < A 

where Di is a constant depending only on ko,n,T, A,l and the bounds 
of I V^(j.)0|/i(T) with 0 < k < 1 . 

Proof. By Theorem lA.il the curvature and all the covariant derivatives 
up to order I of both h{t),g(t) are uniformly bounded on M x [^,T] 
by a constant Ci depending only on n,ko,T,l. Hence by the Kahler- 
Ricci flow equations, we have Cf^h(T) < g(t) < C 2 h(T) for t G [fA], 
where C 2 is a constant depending only on n,ko,T. By Theorem IA.21 
we conclude that 

\'^h{T)9{T)\hiT) < C 3 

for all 0 < h < / for some constant C 3 only on n,ko,T,l. From this, it 
is easy to see the lemma is true. □ 

Theorem 2.3. Let ho be as before. 

(1) For any 0 < a < b and A > 0, and any 0 < S < aTh^ there is a 
constant C depending only on n, S, ho, a, b, A such that 

C-^ho < git) < Cho 

on M X [0, S] for all maximal solutions g{t) starting from some 
go G Qiho', a, b, A). 

(2) For any 0 < a < b, and any 0 < S < ffTh^ there is a constant 
C depending only on n, s, S, ho, a, b such that 

C'-Ao < git) < Cho 

on M X [0, S] for all maximal solutions gf) starting from some 
go ^ Giho', o, h). 
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Proof. As before, we may assume that a = 1. We first prove part 
(1). Let h{t) be the maximal solution starting from and let g{t) 
be the maximal solution g{t) starting from some go G Q{ho-, a,b, A). 
Let 0 < S' < T/iq be given. Fix a < 1 such that aT^f^ > S. Then 
Taho = ctiThf) > S. We claim that there is e > 0 depending only on 
n, S, ho, a, b, A with S < aTh^ — e and satishes the following: 

(i) C~^ho < g(t) < Cho for all f < e and some C > 0 depending 
only on n, A; 

(ii) h{t) = ah{a~^{t + e)) is the solution the Kahler-Ricci flow equa¬ 
tion on M X [0, S] with initial data h{0) = ah{a~^e) such that 

2 ba~^h{0) = 2bh{a~^e) > g{e) > ah{a~^e) = h(0); 

(hi) and there exists a constant Ci > 0 and a smooth function / 
with 

h{0) - ^Ric(h(0)) + V^ddf > Cih{0) 


where Ci and the covariant derivatives of / with respect to h(^) 
are bounded by constants depending only on n, ho, e, a. 


Indeed, by Theorem I A. 1 1 and Corollarv lA.il we may choose e depend¬ 
ing only on n and A so that (i) and (ii) hold because S < — e = 

T^f^y (hi) holds for some Ci, f by Theorem 12.11 applied to the solution 

h{t). 


Then letting F 


log 


det(Q;h(Q; ^e)) 
det(^(e)) 


and using (ii) and (hi) 


(2.1) gie) - SRicigie)) + V^ddif + SF) > C^gie) 

for some C 2 > 0 depending only on e,a,b,A. Now ||V*Rm( 5 f(e))||gp) 
and IIV^Rm(h(e))|/i(e) are bounded by constants depending only on 
n,ho, S,a,b, A. Using (i) and Lemma l2Tl we may conclude that the 
covariant derivatives of (/ -|- SF) with respect to g{e) are all bounded 
by constants depending only on n,ho. A, S,a,b. From this and fl2.ip . 
the last statement in Theorem 12.11 gives C~^ho < g{t -|- e) < Cho for 
all t < S' and some C depending only on n, ho, S, a, b, A. We conclude 
from this and (i) that (1) is true. This completes the proof of (1). 

To prove (2), by [T] if g{t) is the Kahler-Ricci flow with bounded 
curvature so that 5 ^( 0 ) = go E Qiho', 1, b), then 

(- - 2Kf)ho < g{t) < B{f)ho 
n 

on M X [0, 2 ^) for some continuous function B{t) > 0 on [0, 
which depends only on n, K. Here iC > 0 is an upper bound for the 
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bisectional curvature of ho. By Theorem IA.2I and lA.ll one can see that 
the (2) follows from (1), by considering g{e) for e > 0 small. □ 

2.3. higher order estimates. By the local Evans-Krylov Theory in 
mum, more precisely by Theorem IA.21 we may have the following 
estimates based on the estimates in Theorem 12.31 

Theorem 2.4. Let be as before. 

(1) For any 0 < S < and for all I > 0, there is a constant Ci 
depending only on n, S, ho, a, b, A and 1. 

sup \\V ^t)Rm{g{t))\\l^^) < ^ 

Mx[0,5] t 

for all maximal solutions g{t) starting from some go G Q{ho',a,h,K). 

(2) For any 0 < s < S' < there is a constant C depending only 
on n, s, S, ho, a, b such that 

sup ||V^(i)Rm((7(t))||2(,) < ^ 

Mx[s,S] t- 

for all maximal solutions g{t) starting from some go G Q{ho',a,h). 

Proof. (1) By Theorem lA.ll there is a constant T{n,A) > 0 such that 
the conclusion is true for S < T{n,A). For aTh^ > S > T{n,A), this 
follows directly from the bounds in Theorem I2.3f l) and Theorem 
IA.21 The bounds also follow from the estimates in m and the 
estimates. 

(2) also follows from Theorem 12.3f 2) and Theorem IA.21 □ 

3. GENERALIZATIONS 

In this section, we will generalize some of the results Theorems 12.21 
12.3112.41 without assuming that go has bounded curvature. Let us in¬ 
troduce more spaces. Let (M”,ho) be a complete noncompact Kahler 
manifold with bounded curvature. Let 0 < a < & be constants. Let 
Cl{Q{ho',a,b)) be the set all continuous Hermitian metrics go on M 
such that there exist a sequence gi G Q{ho;a,b) with gi —)■ go uniformly 
on M. Namely, sup^ \gi — go\ho ^ 0 as i —)■ oo. Let Choc {G{ho; a, b)) 
be the set all continuous Hermitian metrics go on M such that there 
exist a sequence gi G Q{ho',a,h) with g^ —)■ go uniformly on compact 
sets in M. For A > 0, one can dehne Choc o,, b. A)) similarly. 

Theorem 3.1. Let [M, ho) be a complete noncompact Kahler manifold 
with bounded curvature and let 0 < a < b be constants. 

(1) Given any go G Choc {G{ho; a, b)), there is a solution g{t) to the 
Kahler-Ricci flow 01 .11) on M x (0, ffTho) such that 
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(i) g{t) is Kdhler for t G (0, and g(t) go as t ^ 0 

uniformly on compact sets of M; 

(ii) for any 0 < S < n'^ho, there is a constant C > 0 such that 

C-^ho < git) < Cho 
on M X [0, S] 

(iii) for any 0 < s < S < ^Tho, and for any / > 0, we have 

(2) If go G Cljoc iQiho] a, b, A)) for some A > 0, then the conclusion 
in (1) holds with replaced by aTh^^. 

(3) If go G CliGiho',a,b)), then the conclusion in ( 1 ) holds with 
n'^ho replaced by aTh ^. 

In particular, if = oo, then git) above exists for all time t > 0 
such that the estimates above hold. 

Proof. We first prove (1). By Theorem 4.2 in [1], there is some T > 0 
such that the conclusions in (1) hold when replacing with T. 

Assume that T is maximal such that this is true. By the proof of 
Lemma 3.1 in [Tj, there are continuous functions Ait), Bit) on [0,T) 
such that Ait)ho < git) < Bit)ho with A(t) ^ ^ as t ^ 0. Applying 
Theorem 12.41 (1) to gie) for small e implies that T > e + Aie)ThQ. We 
conclude that T > by letting e —?■ 0. 

We now prove part (2). Let C Qiho', a, b, A) such that gi^ —)■ 

5^0 uniformly in compact sets of M. Then by Theorem 12.31 (2) and 
Theorem 12.41 (2), we have a sequence of solutions giit) to fll.ip with 
initial data gi^ on M x (0, aTh^) converging to a smooth limit solution 
git) to fll.ll) on M X (0, aThf). Moreover, for any 0 < S' < aThg, there is 
a constant C > 0 independent of i such that C~^ho < giit) < Cho on 
Mx (0, S], and thus there exists a smooth limit solution giit) —)■ git) on 
M X (0, S] satisfying (ii). From this we may prove that git) satishes (i) 
as in the proof of Theorem 4.1 in [T]. Moreover by applying Theorem 
IA.2I we may also conclude that git) satishes (iii). 

To prove (3), let go G Cl (^(ho; a, b)). By (1), we obtain git) satisfy¬ 
ing the conclusions in (1). We need to prove that git) can be extended 
up to aPhQ so that the estimates in (1) are true up to aThf,. By the 
proof of [H Theorem 4.1], we have git) —?• go uniformly on M. Since 
aho < go < bho and git) has bounded curvature for f > 0, by applying 
Theorem 12.2112.3112.41 the result follows. 


□ 
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Corollary 3.1. Let {M'^,ho) be a complete noncompact Kdhler mani¬ 
fold with bounded curvature. Suppose go is another Kdhler metric on M 
such that (i) aho < go < bho for some 0 < a < b; (ii) Ric(5fo) > —Kgo 
for some K; and (Hi) there exist ro > 0, po > n and a constant C with 



for all X G M. Then there is a solution g{t) to the Kdhler-Ricci flow 
with g{0) = go on M X [0, aThf,) such that for any 0 < S < aTh^ there 
is a constant C with C~^ho < g{t) < Cho on M x [0, S], 

Proof. By the results in [IHl E], there is a short time solution g{t) to 
the Kahler-Ricci flow (II.ip with 5f(0) = go- Moreover, the curvature 
has the following bound: 


|Rm( 5 ((t))| < Cit TO 


for some constant Ci. Since po > n, we have g{f) ^ go t ^ 
uniformly on M. One can then apply Theorem 13.11 to conclude that 
the corollary is true. 


□ 


Appendix A. 


In this appendix we collect some known results for easy reference. 
The first result the basic existence theorem of W.-X. Shi [8]: 

Theorem A.l. Suppose go is a complete Kdhler metric on a noncom¬ 
pact complex manifold M” with complex dimension n with curvature 
bounded by a constant ko. Then there exists 0 < T < oo depending 
only on ko and the dimension n, and a smooth solution g{t) to fll.ll) 
on M X [0,T) with initial condition = go such that 

(i) g{t) has uniformly bounded curvature on M x [0,T'] for all 0 < 
T' < T . More generally, for any I > 0 there exists a constant 
Cl depending only on I, ko,n,T' such that 


supM\VRva{g{f))\l^^^ < 


on M X [0, T']. 

(ii) If T < oo and lim sup t)| < oo, then the g(t) can be 

M 

extended, as a solution to (II.ip . beyond T to Ti > T so that (i) 
is still true with T replaced by Ti. 

The following is an immediate consequence of the theorem: 

Corollary A.l. Let g{t) be as in Theorem ] A. 1[ Then 
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(i) g(t) is Kdhler and equivalent to go for all t G [0, T), namely for 
all T' < T, there a constant C > 0 depending only on ko,n,T' 
such that 

C~^9o <9{t)< Cgo 

on M X [0, T'] 

(ii) There is a continuous function e{t) > 0 depending only on n, ko 
with e{t) —)■ 0 as t —)■ 0 such that 

(1 + e(t)) ^go < g{t) < (1 + e{t))go. 

Using Evan-Krylov theory mu or using maximum principle for 
Kahler-Ricci flow by Sherman-Weinkove [7], we have the following (see 

[I]): 

Theorem A.2. Let {M^, ho) be a complete noncompact Kdhler man¬ 
ifold with bounded geometry of infinite order. Let g{t) be a solution of 
the Kdhler-Ricci flow fll.ip on M x [0, T) with initial data go which is 
a complete Kdhler metric. For any x G M, suppose there is a constant 
N > 0, such that 

N-^ho < g{t) < Nho 
on Bhflx,!) X [0,T). Then 

(i) 

< § 

on Bhflx, 1/2) X (0,T), for some constant Ck depending only 
on k, n, T and N, and the bounds of |V*Rm(/io)|/io. 

(ii) If we assume /^h^goW^ is bounded in B^flx, 1) by Ck, for k >1, 
then 

\Vlg{t)\l < C,, 

on Bhflx, 1/2) X [0,T) for some constant Ck depending only on 
k, Ck, n, T and N. 

We also need the following uniqueness theorem on Kahler-Ricci flow 

0 : 

Theorem A.3. Let (M”', ho) be a complete noncompact Kdhler man¬ 
ifold with bounded curvature. Let gflxfl) and g 2 {x,t) be two solutions 
of the Kdhler-Ricci flow fll.ll) on M x [0,T] with the same initial data 
go{x) = gi{x,0) = g2{x,0). Suppose there is a constant C such that: 

C~^ho < gi{t),g2{t) < Cho 

on M X [0, T]. Then gi = g 2 on M x [0, T]. 
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